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Parameters of t-Designs in IF pd-l 
S. G. HOGGAR 
We derive the subdegrees for a t-design in projective spaces X=Fpd-l (IF =IR,C, IHJ, 0). The 
design may carry an arbitrary finite number of angles. A generalisation of Sidelnikov's inequality 
is proved and used for this. We give formulae for the parameters of strongly regular graphs that 
can be realised by a 2 or 3-design carrying two angles, in terms of graph eigenvalues. This leads 
to a list of feasible parameter sets, some realised. 
1. INTRODUCTION 
We investigate the properties of strongly regular graphs that can be realised as 2-distance 
sets of 'lines' in some Euclidean space f pd-I for f = IR, C, the quaternions IHI, or Octonions 
O. The setting is as follows. 
Spherical t-designs were introduced in analogy with combinatorial t-designs by Delsarte, 
Goethals and Seidel and later generalised by Neumaier [4, 7] to t-designs in Delsarte 
spaces (for the reason for the name, see [3,8]). These designs have interesting com-
binatorial properties and relate to several disciplines [5]. 
A key example of a Delsarte space is a projective space X = f pd-I, described in [6, 7] 
with its metric, and angle fJxy between projective points x, y. A t-design in X is then a 
finite subset gJ for which 
I Oi(COS2 fJxy ) = 0, for i = 1, 2, ... ,t, (1) 
X.yE 00 
where the Oi are special functions (4) defined in [7] and computed explicitly in [6]. 
Let A be the set of values taken by cos2 fJxy for x ;i y in gJ, s = IAI. Neumaier showed 
that if t;;;> s - 1 then gJ is a regular scheme [7]. In section 2 we derive for this case the 
number da of points at angle arc cos 0'1/2 with a fixed point in terms of v = IgJl, d, A, 
and a parameter m = !(f: IR). The subdegrees da for the t-designs of [6] are given in 
Table 1. Interestingly in case A ={O, a} we have da = a -I( vi d -1), independently of m. 
We derive also a useful condition (3) on the elements of A in the general case, equivalent 
to gJ being at-design. 
In section 3 we consider the case A = {a, a}, t;;;> 2. Neumaier [7] shows that the related 
association scheme is a strongly regular graph r and gives formulae for v, d, a and the 
parameters of r, in case f = IR, in terms of the eigenvalues of r. We extend this to general 
f with m as parameter. These results lead to the list in Table 2 of feasible parameter 
sets for strongly regular graphs realised as 2-designs in X. Many are realised by the 
examples of [6]. We derive three equivalent conditions for a 2-design in X to be a 
3-design (case A ={O, a}). This result applies conveniently to Table 2. 
2. SUBDEGREES IN A t- DESIGN 
2.1. NOTATION. gJ is a set of v points in X, and A ={aJ> ... , as} is the set of values 
taken by cos2 fJxy for pairs of distinct projective points x, y in gJ. Notice that s = IAI. We 
set 
m=!(f:IR), N=md, c,=(m),/(N)" (r;;;>O) 
where ,(a)=a(a-1)"'(a-r+1), (a),=a(a+1)···(a+r-1) (a real, r;;;>1), and 
o(a) = (a)o = 1. 
29 
0198-6698/84/010029+08 $02.00/0 © 1984 Academic Press Inc. (London) Limited 
30 S. G. Hoggar 
The subdegree da , of a point x is the number of points in 00 at angle arc cos a 1/ 2 to x 
(write da ; = dJ. 00 is then called a regular scheme if for given a in A, da is independent 
of x. In this case the condition (1) for a t-design is equivalent to 
1: Oi(a)da =0, for i = 1, 2, ... , t, (2) 
aeAu{l } 
2.2. LEMMA. For real bo, bl , •• • , bk, with k~ 1, we have [6] 
k o(k) k-I o(k-1) i~O (-1)' i bi = i~O (-1)' i (bi -bi+ I)· 
2.3. LEMMA. For real a, and k ~ 1, the expression 
k o(k) Tk := 1: (-1)' . (a-i)k-I 
i=O I 
equals zero. 
PROOF. We use induction on k. For k = 1, TI = (a -0)0- (a -1)0 = 0. For k ~ 2 set 
bi =(a- i )k-I in 2.2. We obtain bi - bi+ 1 =(k-1)(a-ih-2 and so Tk =(k-1)Tk- l • The 
result follows. 
Now follows our characterization of t-designs. It is a projective analogue of (part of) 
Sidelnikov's inequality (d. [5]), and will be further considered elsewhere. 
2.4. THEOREM. In the notation of 2.1, let 00 be a regular scheme of v points in X. 
Then 00 is a t-design if and only if 
for r = 0, 1, 2, ... , t. 
PROOF. Let 00 be a I-design for some t ~ 1. From [6] we have 
Ok(X)= (Nhk i (_1)i(~) i(k+m-1) Xk-i. 
(mh' k! i=O I i(2k+ N -2) 
Using these formulae, we can show that condition (2) for a t-design is equvalent to 
k i(k) i(k+m-1) _ i~O (-1) i i(2k+N-2) Sk-i- O, for k = 1, ... , t, 
(3) 
(4) 
where S, denotes the left hand side in (3). Together with So= v, this gives a set of t+1 
equations in So, ... , S,. The coefficient matrix is triangular, with each diagonal element 
nonzero, hence the system has a unique solution. But Lemma 2.3 shows that (3) satsifies 
these equations, hence is the unique solution. This completes the proof. 
2.5. THEOREM. In the notation of 2.1, let 00 be a t-design in X, with t~s-1. Let 
a E A. Then the number of points at angle arc cos a 1/2 with a fixed point is 
where Ui is the ith elementary symmetric function in the elements f3 of A\{a} and F(x) = 
n (x- f3) . 
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PROOF. Since fi)J is an (s -1) -design we have from 2.4 the following system of s 
equations for db' .. , d.: 
The matrix M of coefficients is of Vandermonde type, with determinant IMI = 
V(al,' .. ,a.):= n (aj- a;) (s ~ j> j ~ 1) = V(a2," . ,a.) . n (aj- al) (2 ~j~ s). Solv-
ing for dl by Cramer's rule we have IMldl equal to v(DO-clDI +C2D2-" ·)-C, where 
D j is the determinant obtained from M by deleting column 1 and row j + 1, and C = 
V(1, a2,. .. ,a.) = V(a2," . ,a.) . n (aj-l) (2 ~j~ s). We complete the proof by show-
ing that D j = U.-I-j· V(a2,"" a.) for j =0,1, . .. , s-l, where U r is the rth elementary 
symmetric function in a2,' .. ,a •. But this follows from Jacobi's theory of bialternants 
[1, p. 115f1]. 
The subdegrees do for the t-designs of [6] are given in Table l. 
TABLE 1 
Example Fd A b s do<, d/), ... (a <f3 < ... ) 
R2 {O, ~} 4 2 3 1,2 
2 C2 {O,~} 6 2 3 1,4 
3 H2 {O, ~} 10 2 3 1,8 
4 0 2 {O,H 18 2 3 1,16 
6 e4 {O,n 40 2 3 12, 27 
7 e6 {O,H 126 2 3 45, 80 
9 H 5 {O,H 165 2 3 36, 128 
10 0 3 {O,tH 819 3 5 18, 512,288 
11 R24 {O,T6,H 98,280 3 5 46575,47104,4600 
12 e3 {O,tH 21 3 3 4,8,8 
13 H4 {o,tH 180 3 3 27,128,24 
16 e3 {O,~} 12 2 2 2,9 . 
17 e4 {O,H 20 2 2 3, 16 
18 C5 {O,H 45 2 2 12, 32 
19 e9 {O,U 90 2 2 8,81 
20 e28 {O, -hl 4060 2 2 1755,2304 
21 H4 {O,H 36 2 2 3,32 
22 H4 n,n 64 2 2 27, 36 
23 Rl6 {O,U 256 2 2 120, 135 
24 e4 {o,tH 60 3 3 15,32,12 
25 Rl6 {O, -h.H 2160 3 3 855, 1024. 280 
26 H3 {O.U} 63 3 3 6, 32, 24 
27 H3 { 1 1 3±J5} 315 5 5 10,32,160.80,32 0, 4. 2. 8 
28 el2 {O,b.!.~} 32. 760 4 5 8316, 20736, 2816, 891 
32 C4 {o.H 18 2 3, 14 
33 e5 {~, ~} 40 2 2 27,12 
34 e6 {O,H 21 2 10, 10 
SPECIAL CASES OF 2.5. 
A={O,a}, do = a-l(vl d -1) (independent of m), 
A={a,/3}, do = (1 + /3(v-l) - vi d)/(/3 - a), 
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TABLE 2 
Parameters of some possible strongly regular graphs in F pd-I 
a- I =q d v k A J.L f Example 
f=C (complete for 2 ,,;; q,,;; 9; A={O, a}) 
*2 0 2 6 4 2 4 3 2 
3 0 3 12 9 6 9 8 16 
*3 3 4 40 27 18 18 15 6 
4 0 4 20 16 12 16 15 17 
4 2 5 45 32 22 24 24 18 
*4 8 6 126 80 52 48 35 7 
5 0 5 30 25 20 25 24 
5 5 7 112 75 50 50 48 
*5 15 8 288 175 110 100 63 
6 0 6 42 36 30 36 35 
6 4 8 120 84 58 60 63 
6 9 9 225 144 93 90 80 
*6 24 10 550 324 198 180 99 
7 0 7 56 49 42 49 48 
7 7 10 220 147 98 98 99 
7 14 11 396 245 154 147 120 
*7 35 12 936 539 322 294 143 
8 0 8 72 64 56 64 63 
8 6 11 231 160 110 112 120 
8 20 13 637 384 236 224 168 
*8 48 14 1470 832 488 448 195 
9 0 9 90 81 72 81 80 19 
9 3 11 176 135 102 108 120 
9 9 13 364 243 162 162 168 
9 15 14 560 351 222 216 195 
9 27 15 960 567 342 324 224 
*9 63 16 2176 1215 702 648 255 
16 64 28 4060 2304 1328 1280 783 20 
f=1Hi (2,,;; q ,,;; 9) 
*2 0 2 10 8 6 8 5 3 
3 0 3 21 18 15 18 14 Extension of NT. 16? 
4 0 4 36 32 28 32 27 21 
*4 8 5 165 128 100 96 44 9 
5 0 5 55 50 45 50 44 
5 5 6 156 125 100 100 65 
6 0 6 78 72 66 72 65 
6 4 7 175 144 118 120 90 
*6 24 8 680 504 378 360 119 
7 0 7 105 98 91 98 90 
7 14 9 513 392 301 294 152 
8 0 8 136 128 120 128 119 
*8 48 11 1771 1280 936 896 230 
9 0 9 171 162 153 162 152 Extension of NT. 19? 
9 3 10 280 243 210 216 189 
9 9 11 506 405 324 324 230 
9 27 12 1200 891 666 648 275 
F = 0 (all possibilities) 
*2 0 2 18 16 14 16 9 4 
3 0 3 39 36 33 36 26 Extension of NT. 16? 
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A ={O, a, (3}, da ={ 1-(3 -~(~:~ -(3)}/ a«(3-a), 
A = {O, a, (3, 'Y}, d =V(C3- U I C2+ U 2Cl)-(1-(3)(1-'Y) 
a a(a-(3)(a-'Y) 
Table 2 lists subdegrees for the examples of t-designs, t ~ s - 1, given in [6], and for 
two further examples described below. For these examples we continue the numbering 
from [6]. 
EXAMPLE 33 [9]. C5: A = {!, U, v = 40. Let e), ... , e6 be an orthonormal basis of e, 
and 8 = (-3)1/2. The lattice 
U: aj ej: L aj = 0, aj E Z + 8Zk, aj- aj E 6Z +(3+ 8)Z} 
has 80 minimal vectors, of norm 18, in 40 lines, namely: 10 lines in 20 vectors of shape 
8(1,1,1, -1, -1, -1),30 lines in 60 vectors of shape ±(1, 1, 1, 1, -2- 8, -2+ 8). These 
lines lie in the hyperplane L aj = 0, a copy of C5 , and form a 2-design in cr. 
EXAMPLE 34 [9]. C6 ; A ={O,!}, v = 21. We take the six coordinate axes, together 
with the fifteen lines through: (0,0,1, e, e, 1), (e, e, 0,1,1, 0), (1,1, e, 0, 0, e) and their 
images under cyclic permutations of the last five coordinates (the first coordinate fixed). 
Here e is either root of x 2 + x + 1 = 0. We get a I-design but not a 2-design, although 
the associated graph is strongly regular. 
3. STRONGLY REGULAR GRAPHS INX 
3.1. NOTATION (see also 2.1). We recall that a graph is strongly regular if it is regular 
and if the number of vertices adjacent to a pair of vertices depends only upon whether 
the vertex pair is adjacent or not. We use the following notation. 
gjJ is a 2-design of v points in X=lFpd-l, with A={O, a}. 
r is the associated strongly regular graph with vertex set gjJ and adjacency corre-
k, I 
A, J.t 
r,-q 
f,g 
M,N 
sponding to angle arc cos a 1/2 [7]. 
are the respective degrees of r and of its complement. Thus k = da • 
denote the number of vertices of r adjacent to a pair of vertices x, y according 
as x, yare adjacent or not. 
are the eigenvalues of r besides k, where r ~ 0, q ~ 1. (By 3.4, r, q are integers). 
are the respective multiplicities of eigenvalues r, -q. 
denote the expressions m + 1, md, respectively, where m = !(IF : JR). 
3.2. SOME RELATIONS BETWEEN PARAMETERS OF r 
J.t1=k(k-1-A); k=J.t+qr, A=J.t-q+r; 
(q + r)2 = vk1 = (J.t - A)2+4(k - J.t) (the Frame quotient); fg 
k + fr- gq = ° (trace of the adjacency matrix); 
f+g+1=v=k+I+1. 
3.3. RELATIONS HOLDING BECAUSE gjJ IS A 2-DESIGN. 
By 2.4, 
v 
l+ak=-d' 
2 v(m+1) 
l+a k= d(N+1), (Sa) 
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By the above, 
d(N+l)(l-a) 
v = (Special bound) 
M-(N+l)a (Sb) 
From [7] and (4), 
f= Q1(1) = (N + l)(d-l). (Sc) 
3.4. THEOREM. In the notation of 3.1, let ~ be a 2-design of v points in X, with 
A={O, a}. Then d, a and the parameters of the associated strongly regular graph rare 
related to m = !(f: IR) and the eigenvalues r, -q by 
1 
a=-q' 
v=d(l+mq+Mr), 
d= + r(q-l) 
q m(q+r)' 
k = IL +qr= q(mq+ Mr), 
f=(N+l)(d-l), 
IL = mq(q + r), 
Furthermore, r ·is connected, and is not a conference graph or complete graph; q, rare 
integral, with q ~ 2. 
3.S. REMARK. In the special case r = 0 we obtain 
1 
a=-
q' 
A = mq2_q. 
PROOF of 3.4. First we show that r is not a conference graph. Suppose r is a 
conference graph. Then v = 41L + 1, k = 21L, A = IL -1. Substituting these in the Frame 
quotient formula of 3.2 gives (f-21L)2 =0, so (Sc) yields 21L = f= (N + l)(d-l), hence 
v, k in terms of m, d. Substituting in the first relation of (Sa) we obtain a = 
(2N + l)/(N + l)d. We now substitute for v, a in the special bound (Sb) and simplify, 
to obtain finally d(1-2m)=1. This is a contradiction (just) since 2m~1 for each case 
of f. 
We have shown that r is not a conference graph, and hence that q, r are integral. Now 
write Q = M - (N + l)a, the denominator in (Sb). We use formulae (Sa)-(Sc) to express 
v, k, I, f, g in terms of Q, d, m, a. The result is 
v=d(N+l)(l-a)/Q, 
k=m(d-l)/Qa, 
f= (N + l)(d-l), 
v-l=(d-l)(Q+N)/Q, } 
1= v-l- k =(d-l)(I- Q)(I-a)/Qa, 
g = v-l- f= N(d-l)(1- Q)/o. 
(6) 
The next step is to set T = q + r and to substitute the above formulae in the Frame 
quotient of 3.2 to obtain T = (1- a)/ Qa. The zero trace formula of 3.2 yields q = 
(k + fT)/( v -1). Inserting in this our expressions for T, k, f, v we have the simple result 
q=l/a, whence a=l/q, Q=(q-l)/T. 
At this stage it is convenient to observe the consequence that, since 0;1:. 0 by (Sb), we 
have q;l:. 1. This shows that q ~ 2 (q being integral and positive). Furthermore r is not 
disconnected or complete, else we would have IL = 0 or v = k + I, implying q = 1 by 
relations 3.2. 
To complete the proof, we equate the derived expression for Q to its definition to 
obtain d=«M-O)/a-I)/m=q+r(q-I)/mT. Now (6) gives the expressions in 3.4 
for v, k and 3.2 gives A, IL. 
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REMARK. The value of a depends only on q. Since q ~ 2, we have hr"" a < hr. 
Moreover, as a = II q with q integral, we have verified part of Conjecture 1 in [6]: 
'Whenever a special or absolute bound is attained, each non-zero a E A has the form 
lip (pEN), or is irrational'. 
2-DESIGNS AND THE ABSOLUTE BOUND The following special case from [6,7] puts 
in perspective 3.7 below. 
3.6. THEOREM. For a 2-design 00 of v points in X with A ={O, a} we have 
v"" d(N+1)(N-m+1)/M (absolute bound), 
with equality if and only if 
vx(x-a)/(1-a) = d(N + 1)2· x( x-~ :~) / M. 
In case of equality, 00 is a 3-design and the graph r of 3.4 has strongly regular 
subconstituents. 
3.7. THEOREM. Let 00 be a 2-design of v points in X with A = {O, a} and r the graph 
of 3.4. Then we have 
0""r""q(q-2), 
and the following statements are equivalent: 
1. The absolute bound is attained. 
m+1 
2. a= N+2. 
· 3. 00 is a 3-design. 
· 4. r=q(q-2). 
PROOF. 3.~4. By Theorems 2.4 and 3.4 the 2-design 00 is a 3-design if and only if 
(q-1)(r-q(q-2»(Mr+mq)=0. Since r;;'O, q;;.2, the latter holds if and only if r= 
q(q-2). 
2. ~ 4. By the formulae of 3.4. Finally, by 3.4, 3.6 the absolute bound is equivalent to 
(r-q(q-2»(Mr+ mq) =0 and so to r= q(q-2). Thus 1. is equivalent t04. The inequality 
0",. r"" q( q - 2) follows since v increases with r, by 3.4, and does not exceed the absolute 
bound. 
REMARK. If 00 satisfies 1.-4. of 3.7 it is called tight. The equivalence of 1. and 3. for 
the real case is stated in [7]. We note that the condition 4. is independent of the choice 
of f among JR, C, IHI, O. 
A list of feasible parameters is given in Table 2 for f = C, IHI, 0 and some small values 
of q, with tight designs marked by an asterisk. In case f = 0, no further values of q are 
possible. The known realisations are given, with the numbering begun in [6]. We conjecture 
that extensions of Examples 16, 19 exist over IHI , with a further extension of Example 
16 to f = O. It remains to find (if it exists) an example of a strongly regular graph with 
feasible parameters for some m, but which cannot be realised as a 2-design in the 
appropriate f pd- l. 
Finally, it is a pleasure to record my thanks to Arnold Neumaier for suggestions which 
improved the original version of Theorem 3.4, and for Examples 33, 34. 
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